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Abstract. In many works, the linearized non-cutoff Boltzmann operator is considered to be- 
have essentially as a fractional Laplacian. In the present work, we prove that the linearized 
non-cutoff Boltzmann operator with Maxwellian molecules is exactly equal to a fractional power 
of the linearized Landau operator which is the sum of the harmonic oscillator and the spher- 
ical Laplacian. This result allows to display explicit sharp coercive estimates satisfied by the 
linearized non-cutoff Boltzmann operator for both Maxwellian and non-Maxwellian molecules. 



1. Introduction 

The Boltzmann equation describes the behaviour of a dilute gas when the only interactions 
taken into account are binary collisions |10j . It reads as the equation 

\d t f + vV x f = Q B (f,f), 
[/|t=o = /o, 

for the density distribution of the particles in the gas / = f(t, x, v) > at time t, having position 
x £ R d and velocity v £ M d . The Boltzmann equation derived in 1872 is one of the fundamental 
equations of mathematical physics and, in particular, a cornerstone of statistical physics. 

The term appearing in the right-hand-side of this equation Q_b(/, /) is the so-called Boltzmann 
collision operator associated to the Boltzmann bilinear operator 

Qb( 9 J)= f [ B{v-v*,a)(g'J' - g*f)dadv*, 

with d > 2, where we are using the standard shorthand f' t = f(t, x, v'*), f = f(t,x,v'), /* = 
f(t, x, i>*), / = f(t,x,v). In this expression, v, u* and v', vl are the velocities in M. d of a pair of 
particles before and after the collision. They are connected through the formulas 

, v + v* \v — v*\ i v + \v — vJ 

v = — ^ 1 ^ c, v ± = — a, 

2 2 ' * 2 2 

where a £ Those relations correspond physically to elastic collisions with the conservations 

of momentum and kinetic energy in the binary collisions 

v + v* = v' + vl, \v\ 2 + \v*\ 2 = \v'\ 2 + \vi\ 2 , 

where | • | is the Euclidean norm on M. d . In the present work, our main focus is to study the sharp 
anisotropic diffusive effects induced by this operator under general physical assumptions on the 
collision kernel. 

For monatomic gas, the cross section B(v — , a) is a non-negative function which only depends 
on the relative velocity \v — v*\ and on the deviation angle 9 defined through the scalar product 
in R d , 

cos v = k ■ a, k = 



Without loss of generality, we may assume that B(v — v*, a) is supported on the set where 

k ■ a > 0, 
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i.e. where < 9 < -|. Otherwise, we can reduce to this situation with the customary symmetriza- 
tion 

B(v - v* , a) = [B(v -v*,a) + B(v-v*, -a)] t{ a . k >o} , 
with 1a being the characteristic function of the set A, since the term f fl appearing in the Boltz- 
mann operator /) is invariant under the mapping a — > —a. More specifically, we consider 

cross sections of the type 

B(v - v*,a) = - v*\)b( ^ — ^7 • 

V \v — | 

with a kinetic factor 

(1.2) $(\v-v4) = \v-v*y, 7G]-d,+oo 
and a factor related to the deviation angle with a singularity 

(1.3) (sin0) d - 2 fo(cos0) « 8- 1 - 2 *, 
forQ some < s < 1. Notice that this singularity is not integrable 



(sin0) d - 2 6(cos0)d0 



-00. 



II 



This non-integrability property plays a major role regarding the qualitative behaviour of the solu- 
tions of the Boltzmann equation and this non-integrability feature is essential for the smoothing 
effect to be present. Indeed, as first observed by Dcsvillcttes for the Kac equation in [H], grazing 
collisions that account for the non-integrability of the angular factor near = do induce smooth- 
ing effects for the solutions of the non-cutoff Kac equation, or more generally for the solutions of 
the non-cutoff Boltzmann equation. On the other hand, these solutions are at most as regular as 
the initial data, see e.g. [33], when the collision cross section is assumed to be integrable, or after 
removing the singularity by using a cutoff function (Grad's angular cutoff assumption). 

The physical motivation for considering this specific structure of cross sections is derived from 
particles interacting according to a spherical intermolecular repulsive potential of the form 

4>{p) = p- r , r > 1, 

with p being the distance between two interacting particles. In the physical 3-dimensional space R 3 , 
the cross section satisfies the above assumptions with s = - <E]0, 1[ and 7 = 1 — 4s s] — 3, 1[. For 
Coulomb potential r = 1, i.e. s = 1, the Boltzmann operator is not well defined |32j . In this 
case, the Landau operator is substituted to the Boltzmann operator [33] in the equation (|1.1[) . The 
Landau equation was first written by Landau in 1936 |20j . It is similar to the Boltzmann equation 



(1.4) 




QUfJ), 



with a different collision operator Ql. Indeed, in the case of long-distance interactions, collisions 
occur mostly for grazing collisions. When all collisions become concentrated near 9 = 0, one obtains 
by the grazing collision limit asymptotic [7J [TT1 [T3J [3T| the Landau collision operator 

QUgJ) = V„ • ( / a(v - v*)(g(t,x,v*){V v f)(t,x,v) - (V v g){t, x, v*)f(t, x, v))dvA , 
v * ' 

where a = (a>i,j)i<i,j<d stands for the non-negative symmetric matrix 

a(v) = (\v\ 2 Id -v <8 v)\vp G M d (R), -d < 7 < +00. 

The Landau operator is understood as the limiting Boltzmann operator in the case when s = 1 
in the singularity assumption (|1.3p . We shall confirm this feature and prove that for Maxwellian 
molecules, the linearized non-cutoff Boltzmann operator is truly equal to a fractional linearized 
Landau operator with exponent exactly given by the singularity parameter < s < 1. 

We shall study the linearizations of the Boltzmann and Landau equations (|1.1[) , (|1.4[) by con- 
sidering the fluctuation 

/ = fj, + y/JIg, 



lr The notation a « b means a/b is bounded from above and below by fixed positive constants. 
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around the Maxwcllian equilibrium distribution 

(1.5) n(v) = (27r)-*e- J ^ i . 

Since Qj(^, fi) = 0, for J = B or J = L, by the conservation of the kinetic energy for the Boltzmann 
operator and a direct computation for the Landau operator, the collision operator Qj(f, /) can be 
split into three terms 

<3./(m + VJig,v + \/Jig) = Qj(v, VJ^g) + Qj(x^g,n) + Qj(VJig, VJ^g), 

whose linearized part is Qj(fi, \fjlg) + Qj(\/J^g, £*)• Setting 

Xjg = ^i,.ig + ^2,.jg, 

with 

&i,jg = -»- 1/2 Qj(», v 1/2 g), ^2,jg = -t*- 1/2 Qj(i* 1/2 g, n), 

the original Boltzmann and Landau equations (|1,1|) . (|1.4p are reduced to the Cauchy problem for 
the fluctuation 

id t g + v ■ V x g + Jzfjg = (J,~ 1/2 Qj(y/Jig, y/jig), 
\g\t=o = go- 

These collision operators are local in the time and position variables and from now on, we consider 
them as acting only in the velocity variable. These linearized operators Jz?b, Jz?£ are known jlOl 
Q21[TH1[H] to be unbounded symmetric operators on L 2 (Rf,) (acting in the velocity variable) such 
that their Dirichlct form satisfy 

(•^B5j5)l 2 (K^) > 0; (•^Lg,g)L 2 {Rf,) > 0. 

Setting 

Pg = (a + b- v + c\v\ 2 )n 1/2 , 
with o,ceK, b £ K d , the L 2 -orthogonal projection onto the space of collisional invariants 

(1.6) M=S^{^\v 1 ^ 2 ,...,v d ^ 2 ,\v\ 2 ^ 2 }, 
we have 

(1-7) {-%b9, sOi^r") = o g = Pg, {^Lg, g)^^) = <=> g = Pg- 

It was noticed forty years ago by Cercignani [Hj that the linearized Boltzmann operator «£?b with 
Maxwcllian molecules, i.e. when the parameter 7 = in (|1.2p . behaves like a fractional diffusive 
operator. Over the time, this point of view transformed into the following widespread heuristic con- 
jecture on the diffusive behavior of the Boltzmann collision operator as a flat fractional Laplacian 

H BIGS E3H221I33I: 

/ !-> Qb{^, /) ~ — (— At,) s / + lower order terms, 
with < s < 1 being the parameter appearing in the singularity assumption (|1.3I) . See [221 [2H [21] 
for works related to this simplified model of the non-cutoff Boltzmann equation. Regarding the 
general non-cutoff linearized Boltzmann operator, sharp coercive estimates in the weighted isotropic 
Sobolev spaces H^(R d ) were proven in [4] 15] H"6 ] 126 ] 127] : 

(1.8) ||(1 - P)gf B . + ||(1 - P)g\\ 2 L , < (J? B g, g) L * m < 11(1 - P)ff|&. 2 , 

2 s+ 2 s+ 2 

where 

fff(R d ) = {/ e J" : (l + \v\ 2 )if e H k (R d )}, k,l 

In the recent work [23j . we investigate the exact phase space structure of the linearized non- 
cutoff Boltzmann operator with Maxwcllian molecules acting on radially symmetric functions with 
respect to the velocity variable. This linearized non-cutoff radially symmetric Boltzmann operator 
was shown to be exactly an explicit function of the harmonic oscillator 

K = -A„ + MI 

4 

It is diagonal in the Hermite basis and behaves essentially as the fractional harmonic oscillator 



4 



N. LERNER, Y. MORIMOTO, K. PRAVDA-STAROV & C.-J. XU 



where < s < 1 is the parameter appearing in the singularity assumption (jl.3l) . This linearized 
operator was also studied from a microlocal view point and shown to be a pseudodiffcrential 
operator 

J? B f = l w (v,D v )f, 

when acting on radially symmetric Schwartz functions / G J5^ r (R^), whose symbol belongs to a 
standard symbol class and admit a complete asymptotic expansion 

^0~c (l + |£| 2 + ^) S -do + ^c fc (l + |£| 2 + ^) S ~ , c o ,d >0, c fc eM, k>\. 

k=l 

This asymptotic expansion provides a complete description of the phase space structure of the lin- 
earized non-cutoff radially symmetric Boltzmann operator and allows to strengthen in the radially 
symmetric case with Maxwellian molecules the coercive estimate (|1.8j) as 

||H*(1-P)/||1 2 <(JSf B /, f)v<\\H*0.- P)f\\h, fe.y r (M. d ), 

where W is the harmonic oscillator. However, the general (non radially symmetric) Boltzmann 
operator is a truly anisotropic operator. This accounts in general for the difference between the 
lower and upper bounds in the sharp estimate ([1.8)1 with usual weighted Sobolev norms. In the 
recent works [5J 1161 117) , sharp coercive estimates for the general linearized non-cutoff Boltzmann 
operator were proven. In [5], these sharp coercive estimates established in the three-dimensional 
setting d = 3 (Theorem 1.1 in [5]), 

(1.9) V/ G 111(1 - P)/||| 2 < (J? B f, f)& < 111(1 - P)/||| 2 , 

involve the anisotropic norm 
2 _ / 

7 " 



whereas in [16) 117) , coercive estimates involving the anisotropic norms 

I f 1 1 2 



where 



d(v,v') = \j\v-v'\ 2 + ^{\v\ 2 -\v'\ 2 ) 2 , 



were derived and a model of a fractional geometric Laplacian with the geometry of a lifted parab- 
oloid in M d+1 was suggested for interpreting the anisotropic diffusive properties of the Boltzmann 
collision operator. 

In the present work, we shall prove that in the physical 3-dimensional space the non-cutoff 
linearized Boltzmann operator with Maxwellian molecules Jz?b is actually given by the fractional 
power of the linearized Landau operator Jz?£. Furthermore, we shall provide more explicit coercive 
estimates satisfied by the linearized non-cutoff Boltzmann operator for both Maxwellian and non- 
Maxwellian molecules. 

2. Statements of the main results 
We consider the Landau operator with Maxwellian molecules 

Ql(s,/) = V„-( / a(v-v*)(g(v*)(Vf)(v)-(Vg)(v*)f(v))dv, 

where a = (<ii,j)i<i,j<d stands for the non-negative symmetric matrix 

a(v) = \v\ 2 ld-v<E>v e M d (R). 

We shall use the following notations. The standard Hermite functions (0n)neN are defined on 
by 

Mx) = (-l)"(2"n!)-*7r-*eV_ (e~* ) 

11/ d \ n t 2 i 
= (2 n n!)-^~- (x - (e"V) = (nl)"!^, 
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where a + is the creation operator 2 2 (x — -^). The (0 n )nGN make an orthonormal basis of L 2 (M.). 
We denote for n G N, a = (aj)i<j<d € N d , x G R, u G M d , 

^„(x) =2-i(f) n (2-ix), = ( n! )~*(f ~ ^) V'o, 

d 

= II V'ay (%), £fc = Span{^ Q } aeN d | Q; | =fc , 
3=1 

with |a| =»! + ••• + The ($ a )a£N i make an orthonormal basis of L 2 (R d ) composed by the 
eigenfunctions of the d-dimensional harmonic oscillator: 

k>0 " fe>0 

where Pfc is the orthogonal projection onto £k (whose dimension is ( k ~^ d ^[ 1 ))- The eigenvalue | is 
simple in all dimensions and £q is generated by 

(2.1) *oM = (2*)- V 1 ^ =/i 1/2 («), 

with /j, the Maxwellian distribution (|1.5[) . Notice that for any 1 < j, fc < d with j ^ k. 

(2.2) <& e » = u fc *o(w), * aefc («) = -^(«2-l)*o(w), * ej +e fc («) = «i«**o(«), 

if (ek)i<k<d stands for the canonical basis of K d . Those formulas show that the space of collisional 
invariants ()1.6j) may be expressed through the Hcrmite basis as 

d 

N = Span|* ,* ei ,-,*e d ,X!* 2e i}- 

3=1 

Our first result which is probably well-known provides an explicit expression for the linearized 
Landau operator with Maxwellian molecules: 

Proposition 2.1. The linearized Landau operator with Maxwellian molecules 

= -m" 1/2 Ql(m,Vm/)- M- 1/2 Qi(VM/,M), 

acting on the Schwartz space J?(W. d ) is equal to 



2 



J% = (d- 1)( - A„ + ^ - |) - Agd-i + [Ag--i - (d- 1)( - A, 



d 2 d 



1 

Ag.-i -(d-l)(-A + M--^j J r 2j 

where Agd-i stands for the Laplace- Beltrami operator on the unit sphere and Pfc t/ie orthogonal 
projections onto the Hermite basis. 

We recall that the Laplacc-Bcltrami operator on the unit sphere § d_1 is a sum of squares of vector 
fields in R d given by the differential operator (see Section [ 



2 

l<j,k<d 

and that in the 3-dimensional case, the Laplace-Bcltrami operator on the unit sphere § 2 may be 
considered as a pseudodiffcrential operator 

A §2 / = (Op«o)/ = 7^3/ e^-y^a( V -±^,i)f{y)dyd£, 1 

whose Weyl symbol is the anisotropic symbol (see Section 14.21) , 

(2.3) a(v,0 = l-\vAe- 
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We shall now restrict our study to the three-dimensional setting d — 3 and recall the definitions of 
real spherical harmonics. 

For a = (cos /3 sin a, sin (3 sin a, cos a) G § 2 with a € [0,7r] and /3 € [0, 27r), the real spherical 
harmonics Y l m (a) with I <E N, —I < m < I, are defined as ^o°( cr ) = (47r)~ 1 ^ 2 and for any I > 1, 



*7» 



fe) 1 ^(cosa), ifm = 



21+1 (1+m.y. 
2ir (l-m)\ 



^ m (cosa)cosm/3 ifm=l,...,/ 
Pj _m (coso;) smm/3 if m = — I, — 1, 



where p stands for the Z-th Legendre polynomial and P/™ the associated Legendre functions of the 
first kind of order I and degree m. The family (YJ m )z>o, -i< m <i constitutes an orthonormal basis of 
the space L 2 (S 2 , da) with da being the surface measure on S 2 . We set for any n, I > 0, — I < m < I, 

(2.4) (M»=2 (r(n + / + |)J " V — J 6 MrJ' 

where L„ 2 are the generalized Laguerre polynomials. The family (<p n ,i.rn)n,i>o+n\<i is an or- 
thonormal basis of L 2 (M. 3 ) composed by eigenvectors of the harmonic oscillator and the Laplace- 
Beltrami operator on the unit sphere § 2 , 

/ Id 2 3\ 

(2.5) - A„ + — )(Pn,l,m = (2n + l)<Pn,l,m, -A&tPn,l,m = 1(1 + l)Vn,i,m- 



4 2/ 

The space of the collisional invariants (|1.6[) may be expressed through this basis as 

TV = Span{<p ,o,o, fo,i,-i, ¥>o,i,o, ¥>o,i,i, Vi.o.o} ■ 
We deduce from Proposition 12.11 and (|2.5j) that the linearized Landau operator is diagonal in the 
L 2 (R 3 ) orthonormal basis (<£n,J,m)n,J>o,|m|<i! 

C-HPn,i,m, = Ai(n, /, m)tp n ,i^ m . n, I > 0, -Z < m < /, 
where A L (0,0,0) = A L (0,1,0) = A L (0,1,±1) = A L (1,0,0) = 0, A L (0,2,m) = 12, and for 2n + l > 2 
(2.6) \ L (n,l,m) = 2(2n + I) + 1(1 + 1). 

We consider now the 3-dimensional Boltzmann collision operator with Maxwellian molecules 



i(9,f)= / b(^^- ■ a) (gi f - .g, /) dadv* 

' v — 
. |w — i'* | 



whose cross section 

6(cos 6*) — b ( , - a), 

\\v — v*\ ) 

is supported on the set where < 8 < ^ and satisfies to the singularity assumption 



(2.7) sm9 b(cos0) « fT 1 " 28 , 

8 — 

for some < s < 1. We refer the reader to Section |4~T1 for details about the definition of the 
Boltzmann operator under the singularity assumption (|2.7j) . The linearized non-cutoff Boltzmann 
operator 

^ B f = -^ 1/2 Q B (^VJlf)-^ 1/2 QB(^f^) 

is also diagonal in the same orthonormal basis (<p n ,i.m)n,i>o,\m\<i- I n the cutoff case i.e. when 

6(cos6»)sin6» e J^QO, tt/2]), 
it was shown in [53] (see also [H [TUl EH] ) that 

(2.8) %BWn,i,m = ^B(n,l,m)(p n ,l,m, n, I > 0, -I < m < I, 
with 



(2.9) A B (n, I, m) = 4tt / 6(cos 26) sin(20) 

x (1 + 5 nfi Si, - P(cos(9)(cos<9) 2 " + ' - P l {sh-i6)(smdj 2n+l )dd 1 
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where Pi are the Legcndrc polynomials defined by the Rodrigues formula 

(2.10) Pi(x) = 7^-^(x 2 - 1)', *>0. 

By using the properties P t (l) = 1, I > (see e.g. (4.2.7) in [2T]) and Pi(-x) = (-l) l Pi(x), we 
notice that the smooth function 

F{0) = l + 5 n>0 6 l>0 - P;(cos0)(cos0) 2n +< - P i (sin0)(sin^) 2 "+ i , 

is even and vanishes at zero. It follows from (|2.7[) that the function 

6(cos20) sin(20)F(0) = O(0 1 " 2s ), 

when — > 0, is integrable in and that the integral in ([2.9)1 is also well-defined in the non-cutoff 
case when the assumption ([2.7)1 is satisfied. Since the eigenfunctions (|2. 4[) are independent on the 
cross section, we deduce by passing to the limit from the cutoff case to the non-cutoff case 

lim l [£jf] (0)6(cos20)sin(20) = b(cos 20) sin(20), 

e>0 

that the diagonalization ([2.8)1 holds true also in the non-cutoff case. We easily check that the 
eigenvalues A_b(^, I, m) are all non-negative. Indeed, by using the property (see e.g. (4.4.2) in [2"T] ) 

(2.11) V/ > 0,V|x| < 1, \Pt(x)\ < 1, 
we have A B (0,0,0) = A B (0,1,±1) = A B (0,1,0) = and 

\ B {n,l,m) >4ir[ 4 fo(cos 20) sin(20) (l - |cos0| 2n+i - |sin0| 2 ™+') dO > 0, 
Jo v v ' 

>o 

when 2n + I > 2. We recover directly that the two linearized operators ££l and ££b are both 
non-negative 

and satisfy 

/)l 2 (r 3 ) = (-%/, /)l2(b 3 ) = f = P/, 

i.e. 

Ai(n, /, m) = <^=> As(n, i, m) = 0. 

The following result shows that the eigenvalues of the linearized non-cutoff Boltzmann operator 
As(n, l,m) have the same growth as the fractional eigenvalues of the linearized Landau operator 
X L (n,m, l) s . 

Theorem 2.2. There exists a positive constant cq > such that, for any n, I > 0, —l<m<l, 

— (1 + (2n + s + I s (I + l) s ) < 1 + A B (n, /, m) < c (l + (2n + /)* + I s (I + l) s ) 
Co 

and 

— Ai(n,/,m) s < As(n,Z,m) < coAl(tz, /, m) s . 
co 

We notice from ([2.6)1 and (|2.9p that the eigenvalues Ai(n, i,m) and A B (n, Z,m) depend only on 
the non-negative parameters 2n + i, i(i + 1), and from (|2.5[) that the harmonic oscillator and the 
Laplacc-Bcltrami operator commute [H,A§2] = 0. We deduce from Theorem 12.21 that there exists 
a positive function a : N 2 — > [c^ ,cq] such that 

(2.12) Vn,Z > 0,V-Z < m < I, \ B (n,l,m) = a(2n + 1,1(1 + l))\ L {n,l,m) s . 

It therefore follows from (|2.5[) and ([2.12p that we can define by the functional calculus the operators 
% and A S 2, 

A = a(H,A S 2) : L 2 (M 3 ) -> L 2 (M 3 ), 
a positive bounded isomorphism 

3c>0,V/eL 2 (K 3 ), c||/|| 2 2 < (a(«,AsO/,/) ia < -||/||1 2 
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satisfying 

where the fractional power of the linearized Landau operator is defined through functional calculus. 
We sum-up these results: 



Theorem 2.3. In the case of Maxwellian molecules 7 = 0, there exists 

A = a(H,A&) : L 2 (R 3 ) -> L 2 (R 3 ), 

a positive bounded isomorphism 

3c>0,V/eL 2 (R 3 ), c||/||| 2 < (a(H,A&)f,f) L , < -JfWh, 

such that 



By using that the Hermitc functions arc Schwartz functions, we deduce from Proposition 12.11 and 
(|2.3I) that the Weyl symbol of linearized Landau operator 

j? L = r(v,D v ), 

satisfies 

l(v, = 2{\e + ^ - |) + \V A CI 2 - \ mod S-°°(R e ). 

Here, we define the symbol classes S m (R 2d ), for m <G R, as the set of smooth functions a(v, £) from 
M. d x R d into C satisfying to the estimates 

(2.13) V(a,/3) £ N 2d ,3C Q/3 > 0,V(»,0 € R 2d , Ifi^afoOl < tfa 1 0<(« > O> 2m ~ |aH/ ". 

with ((«,£)) = V 1 + M 2 + l£l 2 - Thc symbol class S"°°(R 2d ) denotes the class n meR S m (R 2d ). Wc 
deduce from (|1.7[) . (|2.3p and Theorem l2.2l the following coercive estimates: 



Theorem 2.4. the case of Maxwellian molecules 7 = 0, the linearized non-cutoff Boltzmann 
operator satisfies to the following coercive estimates: 

12^4 2 . - 



(S? B f,fh* + ||/||i= ~ Op^ |^| 



4 



/ 



L 2 



+ ||(Op-(|eA W | 2 ))V||l 2 , /e^(R 3 ) 



and 



V/ 6 ^(R 3 ), (1 - P)/||£ 2 + ||(-A S2 )4 (1 - P)/||| 2 



< /)^ < - P)/|| 2 L2 + ||(-AsO f (1 ~ P)/IIL- 



Here the two operators 

( p-(|e| 2 + ^)) i and (Op«'(leAH 2 )) f , 

are defined through functional calculus. We shall now consider the general three-dimensional case 
when the molecules are not necessarily Maxwellian, that is, when the parameter 7 in the kinetic 
factor p.2[) may range over the interval ] — 3, +00 [. In this case, the linearized non-cutoff Boltzmann 
operator satisfies to the following weighted coercive estimates: 



(Op-(|e| 2 +^))"( V )i(l-P)/| L2 + ||(Op-(ieA t ;| 2 )) f («)*(l-P)/||' 2 , /^(t 3 ) 



Theorem 2.5. In the case of general molecules 7 (=] — 3, +oo[, the linearized non- cutoff Boltzmann 
operator satisfies to the following coercive estimates: 

and 

V/e^(R 3 ), \\HHv)i(l-P)f\\i 2 + \\(-A s2 )t(v)i(l-P)f\\i 

2 

L 



< (J?Bf,f) L * < \\nHv)i(i - P)f\\h + \\(-A s2 )t(v)i (1 - p)/|| 2 



L- ■ 
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These coercive estimates for general molecules are proven in Section [3.3l They are a direct byprod- 
uct of the coercive estimates established in the Maxwcllian case (Theorem l2.4j) and the link between 
Maxwcllian and non-Maxwcllian cases highlighted in [5]. 

3. Proof of the main results 
3.1. Proof of Proposition I2TTT 

3.1.1. The linearized operator j£fj. £. We consider the first part in the linearized Landau operator 

= -M~ 1/2 Ql(mV /2 /)- 
Let / £ S^iW 1 ) be a Schwartz function. By using that 

rtv*Wv 1/2 f)(v) - (V^)K)M 1/2 («)/(«) = vMv 1/2 (v)((Vf)(v) - +«,/(«)), 
we have 

(jSfi,i/)(«) = -^- l,2 {v) E d ^([ ^~^M^ 1/2 (y)(djf^)~Y nv) + v ^ fiv) ) dv * 
i<i,j<d ^ jRd 

where we have written = (i>i , v^). By using that 

(3.1) a iti {v -i>*) = ^(v k -vl) 2 , a itj (v - v*) = -(vi - v*)(vj - v*) when i ^ j, 

l<k<d 
k=£i 

we may write = A\f + A 2 f with 

(Aif)(v) = -M" 1/2 («) E 9 **(f (v j -v*) 2 riv*)fi 1 /\v)(dJ(v)-^f(v) + v!f(v))dvX 

l<i,j<d ^ jRd ' 



(A 2 f)(v) = v- 1/2 (v) E d Vi ([ ^-v^-v^^v^^fafW-^fW+v^iv^dv* 
i<i tj <d V 2 ' 

A direct computation shows that 



d d 



J?i,Lf = Mv)f + J2 B 3( v ) 9 if+ E c^^dfj + Y^D^f- 
The term Aq writes as 



j=l l<i,j<d j=i 



Aq(v) = / E ai,j{v,v*)n(v*)dv*, 



\<i,j<d 



with 

= - «i) 2 (-«? + 2vi<) + ^ - f*) 2 + - v^i-Vj + 2v*) 



- J («i - OK' - + 2«j) = ^(2^v* - u?«j«; + - 2( W *) 2 + v 2 (v*) 2 - Vl v 3 v*v*). 

It follows that 

Mv) = \ E / (-nv*) 2 + v 2 (v;) 2 )Kv*)dv, = (d- 

l<i,.?<d Rd 

since 

v*/-i(v*)dv* =0, / (v*) 2 n(v*)dv* = 1. 



The term writes as 



Bj(v) = / bj(v,Vi,)iJ,(v*)dv* 
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with 

bj(v, v.) = ^ («i - u,* ) 2 («j - u|) + (d - - v*) - i ^ - v*)(v 3 - v*) 

\<i<d \<i<d 



l<i<d 



It follows that Bj(v) = (d — l)vj. When i ^ j, the term Cij writes as 

Ci,j( v ) = / ( v i - v i)( v j - Vj)n(v*)dv* = / (viVj - v*Vj - ViVj + v?v*-)(i(vi,)dv* = ViVj. 



The term Dj writes as 



D i( v ) = - X / ( Vi ~ vt) 2 v(v*)dv* = -(d - 1) - V v\ 



We deduce from (fO|) that 



(3.2) ^ lii /=(( d -l)M!-^_il)/+( ( i-l)^ t ;,5 i / + X r,r,C/ 



J=l \<i,j<d 



(d-l)A v f- vfd*f = (d-l)(-A v + ^-±)f-A §d - 1 f. 



l<i,j<d 



3.1.2. The linearized operator Jz?2,l ■ We consider the second part in the linearized Landau operator 

^2,l/ = -/J- 1/2 Ql(m 1/2 /,M)- 

Let / e ^(R ) be a Schwartz function. By using that 

M 1/2 («*)/(«*)(VM)(«) - V(^ 2 f)(v*Mv) = M («)M 1/2 K)( - /(«.)« + y/(«.) - (V/)(«.)) , 
we have JS?2,l/ = ^1/ + ^b/ with 

(Aif)(v) = n~ 1/2 (v) I V] dvi [a%,j{ v ~ w*)«jM(w)]M 1/2 ( w *)/(«*)df* 

l<z,j<d 



M«)]i;> 1/2 (u.)/(«*)*'* J 



l<i,i<d 



i<i,j<d 



-»~ 1/2 (v) dl tV ,[ ailj (v-v*)fx(vy/ 2 (v*)]f(v*)dv*, 
jRd i<u<d 



by integrating by parts. We obtain that 

(J?2, L f){v)= I X(«,^)/i 1/2 (f)M 1/2 («*)/K)^* 
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where 

K(v, U*) = 2J — «*)+ X] [o» J (W — «*)]% - ^ - V*)ViVj 

l<i<d l<i,3<d l<i,j<d 



- d * [ a iJ ( v " v * )] u i + 2 X! a ^ ( u _ - E 5 £ >•»; t a * j ^ ~ w * )] 

l<i,j<d l<i,j<d l<ij<d 

i 5Z N >j ( v ~ v * )] u i + E % [° l J ( w ~ w * )] Uj ~ \ E a ^ ( w ~ v * } VlV *3 ' 



l<i,j<d l<i,j<d l<i,j<d 



that is 



If («,«*)= 2J — «*)+ X] ®i>i[ a ij( v ~ v *)] v 3 ~ E a *,i _ v *) v i v 3 

l<i<d l<i,j<d l<i,3<d 

~ E d v t ,v* [ a i,3 («-"*)]+ J! % [Oi, j - «* )] «i ■ 
l<ij"<d l<i,3<d 

By using p.ip . we notice that 

9« 4 [oi,j(u — w*)]^- + X d v * [ai t j(v — v*)]vi = 0. 

We have 

A'(u, u*) = X Oi,i(u - «*) - X 0^(0 - v*)viVj - X [o,-,j(u - u*)] 

= E E fa-«;) 3 (i-«?)+ E E L 



l<i<dl<j<d l<i,j"<d l<ij'<ci 



It follows that 



if (v,v*) = {d - 1) X (v? - 2vjVj + (vj) 2 ) + X - «*)((>* -v*)viVj - (vj - vfiv?) 



l<j<d \<i.j<d 

i¥=3 



d(d-l) = (d-l) £ {v*- 2 Vj v* + (v*) 2 )+ £ (v t v*v jV *-vUv*) 2 )-d(d-l), 



l<j<d \<i.j<d 

i^3 



because 



l<ij<d 



We deduce from (l2Jl) and (l2~2l) that 



l<j<(2 \<i.j<d 
i^3 



2 *2 ei («)*2e 3 (w* 



l<ij"<rf 



It follows that 



jSf 2 ,i/=-2(d-l) (/,*e j )i»*e J + X (/,*e i +e J )i2*e i+ej -2 ^ 

l<j<d \<i,j<d l<i.j<d 

By using (|4.1[) . direct computations provide 

Ag4-i*«y =-(d-l)* ej , Ag d -!*2e 3 - = -2(d-l)*ae,+2 ^ tf 2efc , Agd-i^+e, =-2d* ei+ 

l<fc<d 
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when i j. This implies that 

(3.3) J2? 2l£ /= [Asd-i-(d-l)(-A„ + ^— |)]p 1 /+[-A S d-i-(d-l)(-A 1 , + ^— |)]P 2 /. 
Then, Proposition 12 . 1 1 is a consequence of the identities Q3.2|) and ()3.3|) . 



3.2. Proof of Theorem 12.21 In order to prove Theorem 12. 2[ we may assume the cross section 
satisfies 

4tt6(cos20) sin(20) = 

When n + I > 1, we split the term 

\ B {n,l,m) = / 4 — ^-(1 - J}(cos0)(cos0) 2n+l - Pi(sin0)(sin6O 2n+i )d0, 



o 



Q2s 

into three parts 

(3.4) \ B (n,l,m) = Ai, B (n, I) + A 2 ,s(n, I) + A 3iB (nJ), 



where 



p 1 

Xi,B{n,l) = -J p l (sin0) (sin ( 



(3.5) A 2 ,B(n,0= / 1+2 7^(1- P; (cos 0) (cos 0) 2n+ ')d0>O 



o 



and 



(3.6) A 3 ,b(tx,0= I' ■^ TT (l-Pi(cos6)(cose) 2n+l )de>Q. 



s+l 

1 + 2 



We recall from (|2.11[) that the two last terms A 2j #(n, I) and A3 ; b(ti, i) are positive when n + 1 > 1. 
The following lemma shows that the first term Ai i s(n, /) is exponentially decreasing when 2n + l — > 
+oo. 

Lemma 3.1. We have 

I / 7T \ 2n+Z-2s 

Vn,Z>0, 2n + l>2, \\, B ( n ,l)\ < ——-—(- 

2n + I — 2s V 4 

so that Xi.B(n,l) is exponentially decreasing when 2n + I — >• +oo. 



Proof. By using that sinx < x for x > 0, we deduce from (|2.11j) that 

|Al , B( „, ()l < /* (=S^ fl < />»+'— ^ !- 



2n + I - 2s V 4 - 

when 2n + l>2. □ 

The next lemma provides some estimates for the second term A 2) s(n,Z): 

Lemma 3.2. There exists a positive constant C > swc/i i/iai 

Vnj>0, 2n + l>l, < A 2 ,s(n, /) < C((2n + l) s + (I + 2) 2s ). 
Furthermore, we have 

r+°° 1 fl2 
A 2 , B (n, ~ (2n + O' 5 jf ^(1 - e^)^, 

wften ^f^B -> +oo. 
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Proof. In order to estimate the term (|3.5[) . we shall be using the Hilb formula [TTT7] (Theorem 8.21.6), 
(3.7) fl(cose)=(^ ? )*J ((i+i)fl)+O(fl 3 ). *>1. 

when < # < f, where c > is a fixed constant and Jo the Bessel function of the first kind of 
order zero 



(3.8) 

We may write 

(3.9) 

with 

(3.10) 



Jo(t) 



i r~- 



cos(i sin r)dr. 



A2,s(n, = A 2 , B (n, i) + #2,b(«, 0> 



A 2 ,b("-, 



1 + 2 1 



1 - 



L $ 



Z + i)tf)(cos#) 2 " +i 



where the remainder term i?2.s(?T-, can be estimated from above as follows 

C 



d6, 



(3.11) 



3C>0,Vn,Z>0, 2n + Z>l, |i?2,s(V)l < 



(2n + /)! 



It is sufficient to prove that 



m (cos6») 2n +' 



d6 < 



1 



(2n + 1_ 



when 2n + Z > 1. To that end, we notice that 



(cosfl) 



2n+l 



-de < 



1+2 e 



(2n+l)6 2 



-de 



< 



1+2 e 



de < 



(2n + l) 1 ~ s J e 2 *- 1 ~ (2n + 1 ~ s Jo O 2 ^ 1 ~ (2n + Z) 1 " 8 ' 



+ 00 



-rf6» < 



0, 



( C Os6) 2n+l = e ( 2,l +') ln ( 1 - 2sin2 f) < e -2(2n+i)sin 2 § < g - 



because 

(3.12) V0 G 
since 
(3.13) 

We shall now study the main contribution in the term (|3.5[) and prove that 

\ 2tB (n,l)~(2n + l) s j o —(l-e-T)dB, 
-co. We deduce from ([3T5]l and ([3"7Tu]) that 



-(2n+Z)0 2 



7T 2 

V < a; < 1, ln(l - x) < -x, V0<i<-, sin x > -x. 

2 7T 



when^fS 



(2n + 0" s A 2 ,s(n,/) 
1 



1 /" '+ 2 



92s+l 



1 - 



V2H+Z \ 2 



sin 



V2n+I 



1\ 



COS Z + - 



2/ V2n + Z 



sin r cos 



V2n + Z 



2n+i 



Setting 

V sm / 

we notice that the even function F is smooth on the interval [— f , f ]■ By Taylor expanding the 
following two terms 



cos III + - 



i\ e 



2/ y/2n + l 



sin r = 1 - [I + - 



l\26l 2 sin 2 r f 1 



2/ 2n + Z 



^ (1 - 1) cos (t(i + i) 



1\ 6» 



V2n+T 



sin r ] dt 



v / 2n+I 



sm 



v75n+] 



= 1 + 



y/2n + V Jo 



(l-t)F"[t 



V2n + l 



dt. 
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we may write 

(3.14) 

with 



(2n + iy s \2, B {n, I) = A(n, I) + B{n, I) + C(n, Z) 

f 1+2 1 r / \2n+«i 

A(n,l)= I ttt^- 1 - I cos = ) d0, 



\/2n + l 



1 /" 



B(n,Z) = - 

7T .//)_ 



6=0 



1 



/ ygn+T \ 2 / 



x (1 - i)cos (t(l + 



1 \ 2 6» 2 sin 2 t 
sin r ] I cos ■ 







V2n + Z 



2n+l 



dOdrdt 



and 

C(n,l) 



1+2 

9=0 



1 - t 



We deduce from ([3"7T2"|) and (|3~T5]l that 



1\2 1 



(3.15) \ B (n,l)\<J-[l+- 



2n 


+ U 




■2n+l 


/ 1 + 2 



Fit 



\ 2n+l 



2/ 2n + Z 



^2n + V V ^2^+7 



dOdrdt. 



2 - 2s V 2 (2n + l) s 



It follows that 
(3.16) 



when 



1+2 



(3.17) 



It follows that 
(3.18) 



B(n,l) -> 0, 

-oo. Then, we deduce from ()3.12j) that 
1 



\C(n,l)\< 



< 



2n + l 
1 

2n + l 



||-F , "|U<»([-f,f]) 



||-F , "||z,~([-f,f]) 



/2m R _ 2fH 

1+2 e ^3- 



-cZ<9 



+ 00 



2s " 



-<20. 



when 



C(n,l) -> 0, 

-oo. Regarding the first term A(n, Z), we notice that 



< A(n,l) < 



+ 00 



1 



6)1+2; 



1 — ( COS 



2n+l 



We notice the pointwise convergence on ]0, +oo[ 

1 



Q1+2S 



1 — cos 



V2^+Z 



y/2n + l< 



d6. 



when 2n + I — > +oo. A Taylor expansion shows that for any > 0, 

1 / / \2n+h 



< 



1 - 



1 — COS 



V2n + Z 



< 



1 



1 [l-+»[(^l+2s 

l]o,i[(») f 1 



1 — ( COS 



2n+l 



02s-l 



< 



V2n + Z 

t6» v 2n+Z-2 



\/2n + l 



V2n + Z 

x 2n+i 



6» 1+2s 



< 



#l+2s 



"(!-*)(< 

1 /"^ / £0 \ 

%,+«#) + ^_t1]o,i[W G L 1 ao,+c»D, 



(2?i + Z - 1)( sin 



f(9 



\/2n + l 



dt 



dt 
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when 2n + I > 1. We deduce from the Lebesgue dominated convergence theorem that 



lim 

2n-\-l— s-l-oo jfl 



1 



n+2s 



1 — COS 



V2r 



2n+l 



- e~-)d9. 



Q2s+1 



It follows that there exists a positive constant C > such that 
(3.19) Vn,Z>0, < A(n, I) < C. 

Furthermore, we notice the pointwise convergence 



hen ^f™^ 1 +°°- Another use of the Lebesgue dominated convergence theorem shows that 



(3.20) 



A(n,l) 



+00 



9 2 



when 



+oo. We deduce from ([XTl) . (HHJ), (JXTU), ([3~TH]) and (j3~2Ul) that 

/•+°° I fl 2 

A 2 , B (n,/)^(2n + s / " e - " 1 ")^, 



when ^2 
(j3~T9l) that 



co. Furthermore, we easily notice from ((33)) . ([3~TT1) . (l3~Ti)) . (j3~TBj) . (j3~T7f and 

1 

(2n + iy 



3C>0,Vn,Z>0, 2n + l>l, < X 2 B (n,l) < c({2n + l) s + L_ + (/ + 2) 2s ) 

V (2n + /) i s / 

This ends the proof of Lemma 13.21 

The next lemma provides some upper and lower estimates for the last term 

Lemma 3.3. There exists a positive constant c > such that 

Vn,Z>0, cl 2s < X 3B (n,l) <-(l + l) 2s . 

c 



□ 



Proof. We deduce from (pOT]) that for all / > 2, 



n+2s 



1 - 



Pi ( cos 



e 



(W 



< A 3 ,s(ri, I) = I 



2 s 



1 / / 9\ / 9\ 2n +^ 
— (l-P^cosy^cosyl 



We deduce from the Hilb formula (|3.7p the pointwise convergence 



2d9 

01+21 



lim PA cos- = J (6). 

We notice from the definition that the Bcssel function Jo is a smooth bounded in modulus by 1 
but not identically equal to 1 in modulus on the interval [1, ?]. We also notice from (|2.10j) and 
(|2.1ip that the smooth function 

/ 9 s 

9 I ^ P[ ^ COS y 

is bounded in modulus by 1 but not identically equal to 1 in modulus on the interval [1, ■§] when 
I > 1 so that 

Pi ( c 



n+2s 



1 - 



dO > 0. 



We deduce from (|2.11[) and the Lebesgue dominated convergence Theorem that 



lim 

;-»+oo 



Pi ( COS y 



d<9 



U+2s 



;i-|j o (0)|)^>o, 
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because 



V/ > 2, 



Pi I cos ■ 



When I = 0, we deduce from (|2.11|) that for all n > 0, 



0< A 3i b(» ) 0) < 



2.s+l 



< 2. 



When Z = 1, we deduce from (|2.11JI that for all n > 0, 

1 



< 



This ends the proof of Lemma 



2.s + 



r (l - cos6)d6 < A 3) s(n,l) < 



02S+1 



de. 



□ 



Theorem 12.21 is a direct consequence of (|2.6[) , ()3.4|) and Lemmas 13. 1[ 13.21 13.31 

3.3. Proof of Theorem 12.51 We first consider the case with Maxwellian molecules 7 = 0. We 
deduce from (|1.9[) and Theorem 12.41 the equivalence of the norms 

|2, s 4 2 



(op iu (iei 5 



4 



7 



L 2 



(Op^A^I 2 ))V| 



On the other hand, the following equivalence between the norm 



|Hi/||i 2 + ||(-A s2 ) f /lli 2 . 
In in the Maxwellian case and 



the norm 



for general molecules 7 G] — 3, +oo[ was proven in [5] (Proposition 2.4): 



II - 



For general molecules, we therefore obtain that the linearized non-cutoff Boltzmann operator sat- 
isfies to the following coercive estimates: 

(^/,/)l»~III(i-p)/III^~IIK«>*(i-p)/IIIo 

,12, ,4 _ 2 



op' iu (iei 2 + ^))"(«> i (i-p)/|| L2 + ||(op tu (i^ a «i 2 )) f (v)Hi -p)/| 



L- 



\\U^v)^(\ - P)/||| 2 + ||(-A s2 ) f (v)Hl P)f\\h- 



This ends the proof of Theorem 



4. Miscellanea 



4.1. The non-cutoff Boltzmann operator. We consider the non-cutff Boltzmann operator with 
Maxwellian molecules 



Q B (gJ) 



CT ) (ff*/' ^ g*f)dadv* 



with d > 2, where fl = /(«*), /' = f(v'), /* = /(«*), / = The post collisional velocities are 

defined in terms of the pre collisional velocities as 

, V + V* \v — Vf\ , v + v* \v — vJ 

v = — ^ 1 ^ c, tL = — a, 

2 2 2 2 

where cr € We recall here how the Boltzmann operator is defined when the cross section 

satisfy the singularity assumption (jl.3|) . To that end, we shall use the distribution of order 2 
defined in the following lemma: 



Lemma 4.1. Let v be an even Lj oc (M*) function satisfying 9 2 i>(9) G L 1 (R). Then the mapping 

C C 2 (R)9</W lim f v(6)(<t>(6) - <f>(0)) d6 = f [ 2 v{0)4)" {t0)d0{l - t)dt, 

is defining a distribution fp (v) of order 2. Furthermore, the linear form fp (y) can be extended to 
C ' functions (C functions whose second derivative is L°°). For <f> G C ' such that 0(0) = 0, 
the function v<f> belongs to L 1 (R) and 

(f P M,0) = / v(0)4>(0)d8, 
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if <j> stands for the even part of the function cj>. 



Proof. Since 



\e\> s 



v {9){m - m)de 



I 2 v{9)4>"(t9)d9{l-t)dt, 



J\8\>e 



the Lebesgue dominated convergence theorem gives the first result. The extension to C ' functions 
follows from the formula 

\{m - 0(0)) + \{<t>{-e) 0(0)) = \ / Vto <P'(-r))dr, 
since the absolute value of the latter is bounded from above by ||0"|U°°ip This implies that 



v(6) x even part (0(0) - 0(0)) G L 1 , 



and proves the last statement. 



□ 



By using polar coordinates v — = pv, p > 0, v G § , we may write 



b(v ■ a) [g(v ^j^)f{v + ^-^) - g{v pv)f{v)] p^dodpdv. 



Setting cr = u;sin0 © vcos9 1 ui G S d 2 , ulv, < < it, the term Qsig, f) is equal to 
b{cos9)p d - 1 (sm0) d - 2 

p(uj sin © ^ cos — v) - 



+ xS^~ 2 x(0,7r)xS ( „ 

p(w sin © ^ cos 9 + v) 



9(v 



■xS°- 2 x(0,tt)xS° 



— <j(« — pv)f(v) dpdOdujdv 



b{cose)p d - 1 (sm0) d - 2 



v — p cos — (^w sin — © cos — J J / (ju + p sin — (^w cos — © v sin — J J — g[v — pv)f(v) dOdpdojdv. 
By using that the cross section &(cos0) is supported on the set where < < f , we have 



Qb (<?,/) 



2 j o d - i &(cos20)(sm20) 



d-2 



xS„' : x(0,7r/4)xS; 

: g(v — pcos0(wsin0 © v cos 9)) f(y + p sin 9{ui cos 9 © zxsin0)) — g(v — pv)f{v) d9dpdudv. 
Setting 

we notice that the smooth function 9 H> 4' f, g {9, v) is even 



— pcos0(u;sm0 © zxcos0))/(v + p sin0(a; cos © f sin 0))p d 1 dpduidv, 



^ f, g (—9,v) = / g(v — pcos0(— uj sin0 © vcos6))f(y — psin0(w cos0 © ^sin0))p d 1 dpdudv 

JS^ 2 xR+xS^ 1 

g(y — p cos 9(uj sin 6* © cos 6)) f(y + psin6*(aj cos © ^ sin 6*)) /O d_1 dpduidv = \t / jS (0, w) 



S^- 2 xR+xS d - 1 



and that 



*/,»(0,«) 



g(v — pv)f(v)p d 1 dpduidv. 



For /, g G J^(R d ), we easily check that the function R d 9 w i-» 9™^ f, g (6, v) belongs to the Schwartz 
space y(M. d ) uniformly with respect to the parameter 9 G (0, j) since 



\v'J 2 + \v'\ 2 



v — p cos — I uj sm — © v cos ■ 



9 ( 9 



v + p sm — I ui cos — © v sm ; 



2|i,| 2 + p 2 - 2pv ■ v = \v\ 2 + \v- pv\ 2 = \v*\ 2 + \v\ 2 > -(\v\ 2 + p 2 ) 
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When the cross section satisfies the assumption (|1.3|) , the Boltzmann operator is then defined as a 
finite part by Lemma |4.1[ 



Qb(sJ)(v)= / 2b{cos2d)(sm29) d - 2 (y f . g (d 1 v)-y f . g (0,v))d6. 
Jo 

Furthermore, we check that Q B (gJ) € J^(K d ) when f,g e y(R d ). 

4.2. The Laplace-Beltrami operator on the unit sphere The Laplace-Beltrami oper- 

ator on the unit sphere S''" 1 is given by the differential operator 

(4.1) As--> = 5 E (Vfr-Vkdj) 2 . 



2 

l<j,fc<c2 



Indeed, we have 



2 ^/ ^ v j ™ j / ^ 

l<?,fc<d l<j,k<d 



d 

= r 2 A R d - ^v)d] - E ^^-(d-l)E^ 



j = l l<j,k<d j=l 



= r 2 A Rd - ( E w J 5 j) - ( d - 2 ) E "ify = r ' A » d ~ ( r ^) 2 _ ( d _ 2 ) rar = A s d - J ' 
3=1 i=i 

because the Laplacian on R d writes in spherical coordinates as 

. d 2 d-lfl 1 

— ■5-3 H ^- + -oAsd-i. 

ar z r or r z 

In the 3-dimensional case, the Laplace-Beltrami operator on the unit sphere § 2 is a differential 
operator on M 3 , 

A s2 / = (Op w a)/ = / e ^) «a(^,e)/(j/)«, 

whose Weyl symbol is the anisotropic symbol 

Indeed, we have for any j =/= k 



Op w ((v^ k - v^) 2 ) = Op> 2 4 2 + vU 2 - 2v^vA) = -v 2 d 2 - v 2 d 2 
■-{vjdj + djVj){v k dk + d k Vk) = -v 2 d\~v 2 k d 2 + v j d j + v k d k + 2v J v k d 2 k + ^ = - 



implying that 

A §2 = Op w (^-\vAtf 
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